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Abstract 

All inequivalent realizations of the Galilei algebras of dimensions not greater than five are 
constructed using the algebraic approach proposed by I. Shirokov. The varieties of the deformed 
Galilei algebras are discussed and families of one-parametric deformations are presented in 
explicit form. It is also shown that a number of well-known and physically interesting equations 
and systems are invariant with respect to the considered Galilei algebras or their deformations. 

1 Introduction 

A problem of description of all possible realizations of a Lie algebra by first-order differential 
operators arises in different areas of mathematical physics and has a number of practical applications 
(see [26j for the references). In particular, realizations serve as prerequisite for construction of 
differential invariants and, consequently, for the invariant differential equations. In this work we 
completely solve this problem for the five Galilei algebras of lowest dimensions, namely for the 
reduced classical Galilei algebra AGi(l), for the classical Galilei algebra AGi(l), for the reduced 
extended Galilei algebra AG2(1), for the extended Galilei algebra AG2(1) and for the reduced 
special Galilei algebra AG3(1), see Section [3] for definitions. The choice of Galilei algebra as 
the object of our investigation is motivated by the fact that the Galilean invariance principle 
underlies the classical mechanics, whose basic equations are invariant with respect to Galilei group 
of transformations of space and time variables. At the same time the Galilei group and its extensions 
appear as symmetry groups of model equations not only in classical mechanics but in various fields 
of physics, e.g., Schrodinger and Levi-Leblond equations are invariant under the Galilei group. 
Moreover, Galilei symmetry of the Levi-Leblond equation allows one to predict the correct value of 
the gyromagnetic ratio. There also exist Galilei-invariant wave equations, which describe correctly 
the spin-orbit coupling [7]. Mentioned applications require detailed knowledge of the structure of 
the Galilei group and the corresponding Galilei algebra m- 

The direct method of construction of realizations can be successfully applied only for the par¬ 
ticular Lie algebras, see, e.g., m, in [26] the constructive modification of direct approach was 
proposed, what made it possible to obtain all faithful realizations of the low-dimensional Lie al¬ 
gebras, but the proposed method leads to the cumbersome computations in the case of physically 
interesting algebras. That is why to construct the realizations of Galilei algebras by first-order 
differential operators we use the connection between the realization and left-invariant vector field, 
and we make use of the algebraic approach to the construction of vector fields proposed in |18j . 
this method was already applied to the Poincare algebras p(l,l) and p(l,2) [23|. According to 
the Shirokov’s method the necessary pre-condition to the construction of all realizations of a given 
Lie algebra is the description of its subalgebras up to inner and discrete automorphisms. For the 
Galilei algebras this task was partially solved in |6j , where subalgebras are classified up to the inner 
automorphisms. This classification can be enhanced once the complete groups of automorphisms 
are determined and the representatives equivalent with respect to the discrete automorphisms are 
eliminated. 
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Faithful realizations of several types of Galilei algebras were constructed previously, namely, the 
faithful realizations of AGi(1), AGi( 1) and AG2(1) were derived for the isomorphic algebras of 
dimensions three and four in [2^. In this work we compare our results obtained by the Shirokov’s 
method with those presented in |26] and complete the lists by the unfaithful realizations and all 
realizations of the five-dimensional Galilei algebras. Note that covariant realizations of the five¬ 
dimensional Galilei algebra AG 2 ( 1 ) were constructed in |28] using the direct method, and later this 
classification was completed to the classification of all faithful realizations in m- Those results 
form a subcase of the classification presented in Section 15.11 where the unfaithful realizations are 
also constructed. The work [28] (resp. |31j l also contains the covariant (resp. faithful) realizations of 
four-dimensional algebra AGi(l) and six-dimensional algebra AG 3 ( 1 ). The six-dimensional case is 
not considered here and four-dimensional case is a subject of Section [62] and already was considered 
in [26] . Some covariant realizations were also obtained in m, but the realizations were additionally 
restricted by the fixed type of equation. Covariant realizations of the classical Galilei algebra of 
four-dimensional space-time are presented in [U Appendix 3], see also references therein. 

The structure of this paper is as follows. We start with the basic definitions and description 
of the algorithm that we use for complete classification of realizations of low-dimensional Galilei 
algebras. Then, in Section [3| we fix the notations that we use for the identification of different 
types of Galilei algebras. The main result of the paper is contained in Sections [4| and EJ where 
each of the Galilei algebras of dimensions three, four and five are considered together with the 
lists of inequivalent subalgebras and their complementary spaces, the respective realizations are 
constructed and discussed. 

Section El is devoted to the deformations of Galilei algebras and to the generic realizations of 
the deformed algebras. To construct explicit one-parametric families of the deformed algebras we 
used the known contractions of low-dimensional Lie algebras |24j , the known physical contractions 
between classical Lie algebras and classification lists for Lie algebras of fixed dimensions. 

It turned out that a number of well-known differential equations with straight physical connec¬ 
tions, such as Korteweg-de Vries and Kawahara equations, reaction-diffusion equations, the Er¬ 
makov system, central force and Kepler problems, are invariant with respect to the low-dimensional 
Galilei algebras or their deformations. In Section [7| we present explicitly Galilei-invariant equations 
with the respective realizations and subalgebras. 

2 Construction of realizations 

Let 0 be an n-dimensional Lie algebra spanned by a basis {ei, 62 ,..., 6 ^} with the structure con¬ 
stants G M, where i,j,k = 1,2,... ,n. We denote an open domain of as M and the Lie 
algebra of vector fields on it as Vect(M). The automorphism group of g is denoted by Aut( 0 ). 

A realization of the Lie algebra g by vector fields on M is a homomorphism ii: g —)• Vect(M). 
The realization is faithful if ker R = {0} and unfaithful otherwise. 

Let X = (xi,... ,Xm) be the coordinates on M and W G Vect(M) be the images of the basis 
elements e* of g under the realization R, i.e., Xi = R{ei) = ^^(x)da, where a = 1,... ,m, da = 
and a is the summation index. Denote the local transformation group that corresponds to the 
vector fields Xi as G, that is, Xi are the infinitesimal generators of the action of G on M. 

If the group G acts on M regularly, i.e., the action of G is both transitive and free, then the 
corresponding realization is called generic. For any generic realization the dimension of M coincides 
with the dimension of g, that is m = n. 

Below we present the practical algorithm for construction of left-invariant vector fields that is 
based on results of [18[l29j. then the basis elements e* of the Lie algebra g are realized by linearly 
independent left-invariant vector fields Since the components of the left-invariant vector fields 
f,i{x) = i\{x)dxf. always can be recovered from the left-invariant differential one-forms oj^{x) = 
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idj{x)dxj using the duality Lof (x)^|(x) = dl., so our problem is reduced to the determination of the 
components of U!^. 

Let the adjoint action of G is regular, we fix second canonical coordinates gi{xi ),..., gn{xn) 
on G associated with the basis ei,..., e^, then the components ool (x) of the left-invariant differential 
one-forms are computed as follows: 

to{(x) = (Ai(xi) • • • Ai_i(xi-i)){ , Uj( = 6(. 

Here each of the matrices Ai is the solution of the initial value problem 

Ai{t) = -&deiAi{t), Hi(0) = /, 

where Ai{t) is the derivative matrix, therefore, 

u:l{x) = (exp(-xiadei) • • • exp(-Xi_iade,_j)^ , (adej^ = Gl^. 

Therefore we present the construction of the left-invariant vector helds, what gives the generic 
realization of the algebra 0 . All the rest of transitive realizations are constructed by means of 
projection of the generic realization using the following rule. 

Let H be the isotropy subgroup of a fixed point xq € M with the corresponding Lie algebra 1). 
Then G acts transitively on the space of right cosets H\G and we can identify M with H\G and 
introduce the induced coordinates y = (x, h), where h ^ H and x G M (actually H\G). Let second 
canonical coordinates are associated with the basis ei,..., e„ in such a way that f) = {em+i, ■ ■ ■, Cn) 
and the space complementary to f) is spanned by the elements {ei,..., Cm}- Then the left-invariant 
vector fields on G have the form 


= Ci{x)di H-h crix)dm + ^r^\x, h)dra+i H-h C{x, h)dn, i = 

and in the chosen coordinates the generators of the group action are obtained by the projection 
~ ~ {xii • • • , Xm)d\ + ■ ■ ■ T (^1) • • • ) Xm)dm- 

Therefore, for each subalgebra f) of g we can construct the realization R{ei) = pr(j(^j) and 
all possible realizations are exhausted by those that correspond to subalgebras inequivalent with 
respect to inner and discrete automorphisms. 

The number of variables necessary to realize the Lie algebra is m = dim(g) — dim(f)) and it 
coincides with the codimension of the subalgebra f) and the projected realization is called 

a realization respective to the subalgebra f). In particular, this means that the generic realization 
corresponds to the zero subalgebra Ijo = ( 0 ) and i 2 t)o( 0 ) always realized in n = dim( 0 ) variables. 
Further in this paper we do not include f)o to the list of inequivalent subalgebras, but a generic 
realization is constructed for each Lie algebra. 

Suppose that instead of the hxed subalgebra f) we consider a set of subalgebras f)“ smoothly 
parametrized by the parameter a G M, then for each fixed value ckq we can apply the above algorithm 
and obtain the realization . The obtained set of realizations can be interpreted in two ways m 

• we constructed the M-parametrized series Rf^c, of realizations; 

• the parameter a is a function of independent invariants of the transformation group G, but 

these invariants are chosen as a part of local coordinates, namely Xm+i,Xm+ 2 , ■ ■ ■ ,Xn, i.e., 
a = a(xm+i, Xm+ 2 , ■ ■ ■ ,Xn) and without loss of generality we can put a = Xm+i] therefore, 
we have the realization in (m -|- 1 ) variables. 
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Usually the range of variation of the parameter is not equal to M, what is caused by the equivalence 
of subalgebras for some different values of parameter, then the same range of variation should be 
preserved for a in the parametrized realization and for Xm+i in the realization with the additional 
variable. If the subalgebra is parametrized by more than one parameter, then the above procedure 
should be carried out for each parameter independently. 

The considered algorithm produces polynomial coefficients of the partial differential operators 
only in the case of nilpotency of the adjoint representations of basis elements. 

The structure of realizations constructed by means of the algebraic method reminds a tree 
diagram, namely: a realization respective to a subalgebra f}i can be constructed by means of 
projection from a realization respective to a subalgebra f )2 if 1)2 C f)i. 

One more specihc property of the algorithm is that the hrst basis element of the space com¬ 
plementary to the subalgebra is represented by the shift (translation) operator, and, in the case if 
the second basis element of the complementary space commutes with the first one, then the second 
operator is also a shift one, etc. Therefore, if it is known from the application which of the basis 
elements are to be the shift operators, then these elements should be posed (re-enumerated) on the 
hrst places before the algorithm application. 

In this paper we purposely do not hx independent (say t, x) and dependent (say u, w) variables in 
the presented realizations. One can chose them in any order convenient for the certain application. 
For example, the same realization can be considered as 

{dt, dx, xdt + tdx + du} for u = u{t, x) or 

{du, dw, wdu + udw + dt} for u = u{t) and w = w{t). 

3 Galilei algebras: definitions and conventions 

In this section we give dehnitions of main types of Galilei Lie algebras and their basis operators. 
For all Lie algebras considered in this paper we present the nonzero commutation relations only. 
First we consider the most general case. The full Galilei algebra AG 4 (n) of (n -|- l)-dimensional 
Newton space-time is generated by the basis elements 

1) Pi (operators of spatial translations, i = 1, 2,... , n); 

2) T (operator of temporal translation); 

3) Jij (operators of rotations, i < j, i, j = 1,2,..., n); 

4) Gi (operators of pure Galilei transformations, i = 1,2,... ,n); 

5) D (dilatation operator); 

6) S (projection operator); 

7) Z (operator of scale transformation of spatial variables); 

8) M (mass operator). 
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These basis elements are connected by the commutation relations: 


\JijiJkl\ — ^ikJjl ^jl^ik: — f) 2, . . 

. ,n; 

(1) 

[Pii Jjk] ~ ^ijPk ^ikPj'i 


(2) 

[T,G,] = -Pi-, 


( 3 ) 

[Gj, Jjk] — ^ijGk ^ikGji 


( 4 ) 

[D,Gi]=Gi- 


( 5 ) 

[D,Pi] = -Pi- 


( 6 ) 

[D,T] = -2T; 


( 7 ) 

[S,Pi\ = Gi- 


( 8 ) 

[D,S] = 2S- 


( 9 ) 

II 


(10) 

[Z,Gi\ = -Gi-, 


(11) 

[Z,Pi] = -P^■, 


(12) 

[Gi,Pj] = 5,jM; 


(13) 

[Z, M] = -2M. 


(14) 


The full Galilei algebra contains several subalgebras and reductions which are important in 
physics and all of them are usually called Galilei algebra, we define them precisely in Table [TJ 

4 Three- and four-dimensional cases 

If we look for the lowest possible Galilei algebras, then from the previous section it can be concluded 
that there exist only one three-dimensional and two four-dimensional Galilei algebras: 

• the three-dimensional Lie algebra of the reduced classical Galilei group of one-dimensional 
space AGi(l); 

• the four-dimensional Lie algebra of the classical Galilei group AGi{l) with a mass operator M; 

• the four-dimensional Lie algebra of the reduced extended Galilei group of one-dimensional 
space AG 2 ( 1 ). 


Galilei algebra 

Notation 

Basis elements 

Gommutation 

relations 

Dimension 

Classical 

AGi(n) 

{Pi, T, Rj, 

M) 

0-0, (na) 

ln(n — 1) -I- 2n -I- 2 

Extended 

AG2(n) 

{Pi, T, Jij, 

G„ D, M) 

0-0, dSD 

^n{n — 1) -I- 2n -I- 3 

Special 

AG3(n) 

{Pi, T, Jij, 

D, S, M) 

o-®, (na 

ln(n — 1) -I- 2n -I- 4 

Full 

AG4(n) 

{Pi, T, Jij, 

G„ D, S, Z, M) 

O-dll 

^n{n — 1) -1- 2n -1- 5 

Reduced classical 

AGi(n) 

{Pi, T, Jij, 

Gf) 

0-0 

^n{n — 1) -I- 2n -I- 1 

Reduced extended 

AG2(n) 

{Pi, T, Jij, 

G„ D) 

0-0 

ln(n — 1) -I- 2n -I- 2 

Reduced special 

AG3(n) 

{Pi, T, Jij, 

G„ D, S) 

o-dia 

^n{n — 1) -1- 2n -1- 3 

Reduced full 

AG4(n) 

{Pi, T, Jij, 

G„ D, S, Z) 

o-dia 

^n{n — 1) -1- 2n -1- 4 


Table 1: Types of Galilei algebras. 
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4.1 The reduced classical Galilei algebra AGi(l) 

The reduced classical Galilei algebra AGi(l) of one-dimensional space is generated by the operators 
P, G and T with the nonzero commutation relation [G, T] = P. 

As a Lie algebra AGi( 1 ) coincides with the real three dimensional Lie algebra A 3.1 (according 
to the Mubarakzyanov’s [21] classification) with the unique nonzero commutator [ 62 , 63 ] = 61 . 

It was proven in |26| that all inequivalent faithful realizations of A 3.1 are exhausted by the 
following list (we denote the partial derivatives as di = -^) 

ei = di, 62 = 02 , 63 = X 2 di + 83 ; 

ei = di, 62 = d2, 63 = X2di -h X 3 d 2 ] 

ei = di, 62 = 82 , 63 = X 2 di. 

The full automorphism group Aut(AGi(l)) is generated by the nonsingular matrices 

( 0i220!33 — a23«32 0 0 \ 

021 022 023 , where Ojj G M, and 022 O 33 / 023 O 32 . 

031 032 033 / 

Everywhere in this paper we suppose that automorphism matrix acts from the left and the order 
of basis elements coincides with the order indicated in a Lie algebra definition. 

All subalgebras of AGi( 1 ) which are inequivalent with respect to inner automorphisms are 

(0), (P), (G), (T), (T + oG), (P, G), (P, T), (P, T + oG), (P, G, T) (o > 0). 

The discrete external automorphism G = T,T = G, P = —P, whose matrix of Aut(AGi(l)) is of 
the form ^0 01 )) implies equivalence of subalgebras in the pairs ((P), (G)) and ((P, T), (P, G)). 

The rest of subalgebras are inequivalent with respect to automorphisms and we label each 
inequivalent subalgebra by its dimension ‘/c’ and (if necessary) it’s number ‘p’ in the list. In 
some cases we also combine subalgebras by means of extension of the parameter value, e.g., (T) 
and (T + aG), a > 0 are transformed into (T + aG), a > 0. Thus, proper inequivalent subalgebras 
of AGi(I) are 

1 ) 1.1 = (P); f )?.2 = (T + aG) (a > 0); l)f = (P, T + aG) (a > 0). 

Note that ideals of AGi(I) are (P) and (P, pG + qT), p, (7 G M, therefore the subalgebras l)i.i, 
1)2 and 1)3 contain ideals and, hence, lead to unfaithful realizations, which were not obtained in |26] . 

In Table [2] we list realizations of AGi(I) corresponding to subalgebras i)k.p, before each 

realization we adduce the vector space complementary to \]k.p that was used to obtain the corre¬ 
sponding realization, the same notations will be used in other tables. 

As far as subalgebras h '^2 ^2 parametrized then we have two more realizations 

P .-3 : P = i9i, G = 82 , T = X 281 - X 382 -, 

‘' 1.2 

P^- 2 : P = 0, G = 8 i, T = -X 28 i. 

Remark 1 . The realizations P(,p, P(,o^ and of the algebra AGi(I) coincide with those ob¬ 
tained in [26|, the rest of realizations are new. 

The realization arbitrary a > 0 can be transformed to Rt) 0 ^ by means of the automor¬ 

phism transformation 0 1 0 | . 

V 0 Q 1 / 
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Complementary 

^ ■' Realization 

basis 





{PPG} 

A(l)o) 

: P = 

0 

II 

1 

a:2di +53, T = 82 




{G,T} 

Ahi.i 

P = 

0, G = di, 

T = 

= d2 




iPG] 


P = 

di, G = d2 

, T 

= X2di— 082 






P = 

11 

, T 

= X2dl - X382 




{G} 

■ 

P = 0, G = di, 

T = 

—a8i 





■ 

P = 

0, G — di, 

T = 

-X281 

Table 2: 

Realizations of 

the reduced classical 

Galilei algebra AGi(l). 

1) 

ei = 

di, 

62 = d2, 

63 = 

d 3 , 


64 

— X2<9 i ^ 3(92 ^4 

2) 

ei = 

di, 

62 = d2, 

63 = 

ds, 


64 

= X281 + X382 + X4d3 

3) 

ei = 

di, 

62 = d2, 

63 = 

ds, 


64 

= X281 + X382 

4) 

ei = 

di 

62 = d2, 

63 = 

xsdi 

f X 4 d 2 , 

64 

= X281 + X483 — 84 

5) 

ei = 

di, 

II 

63 = 

_lr 2 

2*^3 

dl + X 3 d 2 , 

64 

= X281 - 83 

6) 

ei = 

di, 

62 = X2di, 

63 = 

da, 


64 

= X2X3di - 82 

7) 

ei = 

di, 

62 = a:2i9i. 

63 = 

xadi, 


64 

= —82 — X283 

8) 

ei = 

di, 

62 = a:2i9i. 

63 = 

ixp] 


64 

= -82 


Table 3 ; Inequivalent faithful realizations of A^ i. 


4.2 The classical Galilei algebra AGi(l) 

The classical Galilei algebra AGi(l) is generated by the four operators P, G, T and M, that satisfy 
nonzero commutation relations [G,T] = P and [G,P] = M. AGi(l) is isomorphic to the Lie 
algebra A4.1 with the commutators [62,64] = 61 and [63,64] = 62, the isomorphism is established 
by the following relations 


P = 62, T = 63, G = —64, M = 61. ( 15 ) 

Inequivalent faithful realizations of A4,i are given in Table [ 3 J 

The full group of automorphisms of AGi(l) = (M, P, T, G) is generated by the nonsingular 
matrices 


(oL33a\^ 0 0 0 ^ 

0:320:44 a 33 a 44 0 0 

031 032 033 0 

\ 0:41 a 42 043 044/ 


where aij £ M, and 033044 7^ 0. 


Using the results of [6] and automorphisms of AGi(l) we obtain the following list of inequivalent 
subalgebras 


fli.i = (P), fl2.i = (M, P), 1)3.1 = (M, P, G), 

[)?.2 = (oT + G) (a > 0), 1)2.2 = (M, G), 1)^.2 = (M, P,T + oG) (a > 0). 

1)^3 = (T + /3M) (/3 G M), 1)^,3 = {M,T + oG) {o > 0), 

1)1.4 = (M); l)f,4 = {P,T + m) (/? G K); 

Ideals of AGi(l) are (M), (M, P), {M, P, T) and (M, P,T + oG), therefore the realizations 
corresponding to subalgebras l)i. 4 , 1 ) 2 . 1 , 1 ) 2 . 2 , 1 ) 2 . 3 ! f) 3 .i, 1 ) 3.2 b® unfaithful. 

The obtained realizations of AGi(l) are listed in Table 01 
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Complementary 

^ ■’ Realization 

basis 


{M, P, T, G} Rt ,„: 

M = di, P = -82, T = 83, G = X281 + X382 + 84 

{M, T, G} 

M = 81, P = xsdi, T = 82, G = -X2X381 + 83 

{M,P,T} 

M = 81, P = 82, T = 83, G = —X281 — X382 — a83 


M = 81, P = 82, T = 83, G = —X281 — X3d2 — X4d3 

{M, P, G} R^,^ 

M = 8\, P = —82, T = — ( 9 i — X382, G = X281 + 83 

Rh^i 

''13 

M = 81, P = -82, T = - ( 4 a;§ + X4) 81 - X382, G = X281 + 83 

{P, T, G} 

M = 0, P = —81, T = 82, G = X281 + 83 

{T,G} R^,., 

M = 0 , R = 0, r = di, G = 82 

{P, T} R 1 ) 2,2 

M = 0 , P= -di, T = 82, G = X281 

{P^G} R^.3 

M = 0, P = —81, T = —X2di — a82, G = 82 

R ^^^3 

"23 

M = 0, R = -di, T = -X2di - X382, G = 82 

{M,G} R^,^ 

M = 8i, P = X281, T = (ixi - 13 ) di, G = d2 


M = 81, P = X281, T = ( 4^2 - X3) di, G = 82 

{r} Ri) 3 ,i 

M = 0, R = 0, r = di, G = 0 

{G} 

M = 0, R = 0, T = -adi, G = di 

'^ 3.2 

M = 0, R = 0, T = -X2di, G = di 


Table 4: Realizations of the classical Galilei algebra AGi(l). 


The parametrized series of realizations transformed to the unique form 

■■ M = di, P = 82, T = 83, G = -X281 - X382 

/ 1 0 0 o\ 

via the automorphism transformation I [] g ? [] ) • 

Vo 0 « 1/ 

Another parametrized series of realizations can be transformed to the unique form 

R{t)i,3): M = 8i, P = 82, T =-\xl8i + X382, G =-X281 - 83 

/ 1 0 0 o\ 

by means of the change of variables —X 2 X 2 and the automorphism transformation | ^ g ? g I • 

V 0 0 0 1 / 

The same automorphism transforms the parametrized series of realizations 4 ) to the unique 
form 


R ( f ) L ): M = 8i, P = X28 i, T = G = 82. 

Using the nonsingular change of variables — X 3 1 —?• X 3 we transform the realization to 

M = 81, P = X281, T = X381, G = 82 + X283. 

Application of the transformations X 2 e-)- —X 2 , —{^x"^ + 2 : 4 ) X 3 and X 3 X 4 to the realization 
^4 results in the following form of operators 

M = 81, P = X281, T = X381 + X 4 ( 92 , G = -X281 + X483 + 84. 


2 ) 


Now it is obvious that the respective realizations of 
~ 3) ~ R^^o^, 4) ~ R ^^4 , 5) ~ R(,o^ 6 ) ~ 


A 4.1 and AGi(l) are equivalent 1 ) 
7) ~ , 8 ) ~ R^,o^. 






1) 

ei 

II 

62 

II 

63 

= a; 2 di -h 83, 

64 = 

\xi8i + X282 — \x383 + 84 

2) 

Cl 

II 

62 

II 

63 

= X2di + 83, 

64 = 

\xi8i + X282 - \x3d3 

3 ) 

ei 

II 

62 

II 

63 

= X281 + X 382 j 

64 = 

^Xi8i + X282 + \x383 

4 ) 

Cl 

II 

62 

II 

63 

= X281, 

64 = 

\x\8\ -\- X282 P 83 

5 ) 

ei 

II 

62 

= d2, 

63 

= X281, 

64 = 

\xi8i + X282 

6) 

ei 

= di, 

62 

= X2di, 

63 

= -82, 

64 = 

\xi8i - \x282 + 83 

7 ) 

ei 

II 

62 

= X2di, 

63 

1 

II 

64 = 

\xi8i — \x282 


_2 /2 

Table 5; Faithful realizations of g' 


4.3 The reduced extended Galilei algebra AG2(1) 

The reduced extended Galilei algebra AG2(1) of a one-dimensional space is generated by four 
operators P, G, D and T that are connected by commutation relations [G,T] = P, [D,G] = G, 
[P, D]=P and [T, D] = 2 T. 

AG2(1) is isomorphic to a Lie algebra with the commutators [e2, 63] = ei, [ei, 64] = ^ei, 

[62,64] = 62 and [63,64] = —^63, where the isomorphism is established by the equalities 

P = -6i, T = 62, G = 63, D = 2 e 4 . (16) 


_1 /o 

Faithful realizations of g are given in Table [5l 

The full group of automorphisms of AG2(1) = {P, T, G, D) is generated by the nonsingular 
matrices 


/ a22Ct!33 0 0 0\ 

—a22a43 CI 22 0 0 

— ^a42a33 0 Q!33 0 ’ 

\ 041 042 Q!43 1/ 


where G M, and q;22Q;33 7^ 0, 


It follows from Aut(AG2(l)) and results of [6] that the list of inequivalent subalgebras is as 
follows 


fh.i = (P), 
f)i.2 = (T), 

[h.3 = (G), 
f)l.4 = (P), 

1)1.5 = (T + G); 


1)2.1 = (P, T), 

1)2.2 = (P, G), 

1)2.3 = (P, P), 

1)2.4 = (P,P + G), 
1)2.5 = (P, P), 

1)2.6 = (G, P); 


1)3.1 = (P, T, G), 
1)3,2 = (P, T, P), 
1)3.3 = (P, G, P). 


The ideals of AG2(1) are (P), (P, T), (P, G) and (P, T, G), therefore the realizations related 
to 1)1.1, 1)2.1, 1)2.2, 1)2.3, 1)2.4, 1)3.1, 1)3.2 and 1)3.3 should be unfaithful. 

The list of realizations is presented in Table [6j 

_ _1 /o 

All constructed faithful realizations of AG2(1) are equivalent to those of A^g listed in |26j . 
Namely, the following cases are equivalent: 1) ~ P(,p, 2) ~ 3) ~ P[,j 5, 4) ~ P[,j 3, 5) ~ P()2 ei 

6) ~ Pf)1.2) 7) ~ Pl,2,5. 

To establish connection 3), the change of variables X2 eG —X2, X3 should 

be performed. Transformations in the rest of cases are quite obvious and exhausted by those of 
alternating signs and scalings of variables. 
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Complementary td ^ 

^ Realization 

basis 


{P, T, G, P} 
{T, G, P} 
{P, G, P} 
{P, T, D} 
{P, T, G} 
{P, T, P} 
{G, P} 
{T, P} 
{T, G} 
{T, P} 
{P.G} 
{P,P} 

{^} 

{G} 

{T} 


P(,o: P = di, T = 82, G = -X2di + Sa, P = + 21292 - xsds + 84 

P(,,,: P = 0, P = 9 i, G = 92, P = 2 a;i 9 i - X282 + 83 

Phi.2 ■ P = 9 i, T = a; 29 i, G = 82, P = xi8i — X282 + 83 

P(,j 3 : P = 81, T = 82, G = —X281, D = xi8i + 2x282 + 83 

'■ P = 9 i, T = 92, G = -a;29i +93, P = a;i 9 i + 2x282 - X383 

P(,3 3: P = 81, T = 82, G = -X281 - e^^^92, P = a;i 9 i + 2x292 + 83 

P(,3 3: P = 0, P = 0, G = 9 i, P = -xi 9 i + 82 

^: p = 0, P = 9 i, G = 0, P = 2 xi 9 i + 82 

P„3,3: P = 0, P = 9 i, G = 92, P = 2 xi 9 i - X 282 

Rt)2.4 ■ P = 0, P = 9 i, G = -e 3 “= 9 i, P = 2 xi 9 i + 82 

Ri)2.5 ■ P = 9 i, P = X 29 i, G = 82, D = xi8i - X282 

Pf,2,6 : P = 81, T = 82, G = -X281, D = xi 9 i + 2 x 292 

P(,3 3 : P = 0, P = 0, G = 0, P = 9i 
^: p = 0, P = 0, G = 9i, P = -xi9i 

^: p = 0, P = 9i, G = 0, P = 2xi9i 


Table 6: Realizations of the reduced extended Galilei algebra AG2(1). 


5 Five-dimensional cases 

There are two five-dimensional Galilei algebras: AG2(1) = (M, P, T, G, D) with commutation rela¬ 
tions [T, G] = -P, [D, G] = G, [P, D] = P, [T, D] = 2T, [G, P] = M and AGgll) = (P, T, G, D, S) 
with commutation relations [T, G] = —P, [D, G] = G, [P, D] = P, [T, D] = 2T, [5, P] = G, 
[T,S] = D, [D,S] = 2S. 


5.1 The extended Galilei algebra AG2(1) 

The Galilei algebra AG2(1) = (M, P, T, G, D) is isomorphic to the solvable Lie algebra 0530 in 
the classification by Mubarakzyanov [ 20 ]. The change of the basis is given by the formulae 

M = ei, P = -62, T = 63, G = 64, D = -65. ( 17 ) 

The whole automorphism group Aut(AG2(l)) is generated by matrices of the form 


0:220:44 

0 

0 

0 

0\ 

—022054 

022 

0 

0 

0 

«22Q:54 

022a,'i4 

Ct22 

0 

0 

2 q ;44 

0^44 

a44 

042054 — 0440:52 

042 

0 

044 

0 

051 

052 

2^42 

Q 44 

054 

V 


where 022, 0:44 £ and other parameters are arbitrary. 

All proper subalgebras of AG 2 ( 1 ) inequivalent with respect to inner automorphisms are 


f)i.i = (M), f)2.i = (M, D), 

f)i.2 = {D), 1 ) 2.2 = (M, T), 

1 ) 1.3 = (T), 1 ) 2.3 = (M, G), 

1 ) 1.4 = (G), 1 ) 2.4 = (M, P), 

1 ) 1.5 = (P), 1 ) 2.5 = {T, D), 


1 ) 3.1 = (M, T, D), 
1 ) 3.2 = (M, G, D), 
1 ) 3.3 = (M, P, P), 
1 ) 3.4 = (M, P, T), 
1 ) 3.5 = (M, P, G), 
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1)1,6 = (M + T), 

[)2.6 = (G, D), 

1)3.6 

1)1,7 = (G + r), 

II 

1> 

1)3.7 

fli.8 = (O-haM), 

bo 

II 

1)3.8 

1)1,9 = (r-M); 

1)2.9 = (P,M + r), 

1)4.1 


1)2.10 = (M,G + T), 

1)4.2 


1)2.11 = {T, D + aM), 
1)2.12 = {G, D + aM), 
1)2.13 = {P, D + aM), 
1)2.14 = (P,T-M); 

1)4.3 


{P, T, D), 
{M,P,G + T), 
{P, T,D + aM)- 
(M, P, T, D), 
(M, P, G, D), 
(M, P, T, G), 


( 


where a 7 ^ 0. The algebras l)i.i and for a 7 ^ 0 are isomorphic via 


0 

0 

0 


0 0 0 o\ 

1000 
0 a 0 0 
0 0-0 


All other 


V OL 

-^0001/ 

OL ' 

subalgebras are nonisomorphic with respect to the whole automorphism group. They correspond 
to the realizations given in Table [71 


5.2 The reduced special Galilei algebra AG3(1) 

The reduced special Galilei algebra AG 3 ( 1 ) = (P, T, G, D, S) is isomorphic to the nonsolvable and 
nondecomposable Lie algebra gs (s[(2,M) $ 2Ai) in the classification by Mubarakzyanov [20]. It 
should be mentioned that there is a misprint in m, namely, the adduced commutation relation 
[ 62 , 63 ] = — 2 e 3 should be [ 62 , 63 ] = 263 , note, that this Mubarakzyanov’s classihcation was already 
enhanced in [25|, see also tables in arXiv version of [T]. The change of the basis is given by the 
formulae 


r = 6i, 0 = 62, 3 = 63, G = 64, P = 65. 


Up to inner automorphism, the Galilei algebra AG3(1) has the following proper subalgebras: 


1)1.1 

= {D), 

1)2.1 

1)1.2 

= {T), 

1)2.2 

1)1.3 

= {P), 

1)2.3 

1)1.4 

= {S + T), 

1)2.4 

1)1.5 

= {G + T), 

1)2.5 

1)1.6 

= {T-Gy 

1)2.6 


{D, T), 

1)3.1 

{D, P), 

1)3.2 

{T, P), 

1)3.3 

{G, P), 

1)3.4 

{G + T, P), 

1)3.5 

{T-G, py 

1)4.1 


{D, S, T), 

{D, T, P), 

{D, G, P), 

{T, G, P), 

{s + T, G, py, 
{D, T, G, P). 


( 1 0 ^ 0 0 0 \ 

0 0 -100 , we exclude 

00 010 / 

00 001 / 

1)1,6 from the list. Then the above subalgebras are pairwise nonisomorphic with respect to the 
whole automorphism group, which is generated by these five nonsingular matrices with arbitrary 
parameters aij G M and corresponding realizations are given in Table [8j 


/ 

V 


^ “22(2+“! 1 ) 

0 

-"11 "22 

0 

0 

20,14041 

2“41 

-oil) (012 (2+011)-2013) 

oii(2+oii)2 

“ 12 ( 2 +“ 1 i)- 2 oi 3 

011(2+011) 

" 14"11 

-4014041 

4014041 

4 q 4 i 

4 q 4 i 

4 q 4 i 

-aiiOL22 

0 

022 

0 

0 

"14 




"13 

“11(2+011) 

" 12-"13 

1+011 

ai 4 

"14 

"14 

"11 

" 41"12 

" 41"11 

-" 41"12 

Q4I 

" 14"41 

"14 

"14 

"11 

"11 


ana;22CLi4a4i 7 ^ 0 ; 
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where a23a5i«i5 / 0 ; 


Complementary 

^ •’ Realization 

basis 

{M, P, T, D, G} : M = di, P = 82, T = 83, G = -xa^i - + 6^*85, 

D = X282 + 2x3193 + 8a 

{P, T, D, G} : M = 0 , P = 9 i, T = 02 , G = -X2di + e=^^8A, D = xidi + 2x282 + % 

{M, P, T, G} Pi,,,3: M = 81, P = 82, T = 83, G = -X2di - X382 + 94, 

D = X282 + 2x383 — X484 

{M, G, P, D} P[,, 3 : M = di, P = X281 + ^3, T = ix| 9 i + X283, G = 82, 

D = -X282 + X383 + 94 

{iW, P, T, D} Rt)i.4 ■ ^ = 9 i, P = 82, T = 83, G = —X281 — X382, D = X282 + 2x383 + 94 

{M, T, G, 99 } Pfii.s • M = 9 i, P = X381, T = 82, G = —X2X381 + 83, D = 2x282 ~ X383 + 94 

{P, G, D, T} Rt,, ,: M = - 84 , P = 84, T = X281 + 94, G = 92 + X184, 

D = xi8i - X2d2 + 83 

{M,P,T,D} Pi,, ,: M = 84, P = 82, T = 83, G =-X2di - X382 - €^^^83, 

D = X282 + 2x383 + 94 

{G, P, P, T} Pi,,,9: M = 94 , P = 92 + xi 94 , T = xi92 + {\x\ + 84 

G = 9 i, D = -X484 + X282 + 83 

{P, G, T} P|,3,,: M = 0, P = 9 i, T = X284 +83, G = 82, D = xi 9 i - X2d2 + 2x383 

{P, G, D} P|,2 2: M = 0, P = 9 i, T = X29i, G = 82, D = xi 9 i - X282 + 83 

{P, T, D} P|,2 3 : M = 0, P = 9 i, T = 92, G = -X29i, D = xi 9 i + 2x282 + 83 

{D, T, G} P|,2,^ : M = 0, P = 0, T = e-^^^82, G = €^^83, P = 9 i 

{M, G, P} P|,2 3: M = 84, P = X284 +83, T = \x\84 + X283, G = 82, P = -X292 + X383 

{M, P, T} P|,2,3 : M = 84, P = 82, T = 83, G = -X29i - X382, D = X282 + 2x383 

{M, T, G} P|,2,7: M = 84, P = X384, T = 82, G = -X2X384 +83, D = 2x282 - X383 

{M, G, P} P|,2,8: M = 84, P = X284, T = ^x\84, G = 82, D =-X282 +83 

{G, P, T} Pi,2.9 • ^ = ~ 93 , P = —xi 93 , T = {—\x\ + e 93, G = 9 i, P = —Xi 9 i + 92 

{P, T, P} P|,2,,o: M = 0 , P = 9 i, T = 92, G = -X29i - e3^^92, P = xi 9 i + 2x292 + 83 

{P, G, P} P|,2,„ : M = -^83, P = 84, T = X284 + ^a;p3, G = 92 + ixi93, 

P = Xi 9 i - X2d2 + 83 

{P, T, P} P|, 2 ,, 2 : M = -^ 83 , P = 84 , T = 82 , G = -X29i + ixi93, P = xi9i + 2 x 282 + 83 

{T, G, P} P|,2,i3: M = -^ 93 , P = -■ix293, T = 9i, G = 92 + ixiX293, 

P = 2 xi 9 i - X292 + 83 

{G, P, T} P|,2.i4 : M = 83, P = X483, T = (ixf + 83, G = 9 i, P = -Xi 9 i + 82 

{P, G} P|, 3 ,: M = 0 , P = 9 i, T = X 29 i, G = 82, P = xi 9 i - X282 

{P, T} P|, 3 , 2 : M = 0 , P = 9 i, T = 92 , G = -X 29 i, P = Xi 9 i + 2 x 292 

{T, G} P|, 3 , 3 : M = 0 , P = 0 , T = 9 i, G = 92 , P = 2 xi 9 i - X2d2 
{P, G} P|, 3 ^ : M = 0 , P = 0 , T = 0 , G = e"^i 92 , P = 9 i 

{P, T} P |,3 3 : M = 0 , P = 0 , T = e-2^192, G = 0 , P = 9 i 

{M, G} P|,3 g : M = 84, P = X284, T = 5X291, G = 82, P = -X292 

{P, T} P|,3,,: M = 0 , P = 0 , T = e- 2 ®i 92 , G = -e"=i 92 , P = 9 i 

{G, P} P|,3 3 : M = -^92, P = -■ixi92, T = -^xf 82 , G = 9 i, P = -xi 9 i + 92 

{G} P|,4,: M = 0 , P = 0 , T = 0 , G = 9 i, P = -xi 9 i 

{T} Pi,^ 2: M = 0 , P = 0 , T = 9 i, G = 0 , P = 2 xi 9 i 

{P} Pi,^ 3 : M = 0 , P = 0 , T = 0 , G = 0 , P = 9 i 

Table 7: Realizations of the extended Galilei algebra AG2(1)- 
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Complementary td ^ 

^ Realization 

basis 


', P, T, D, S} 

^t)0 ■ 

D = - 

-xi8i + X282 + 

2.X383 - 1 - 54 , G = 

di. 

P = 

d2, 



S = - 

-X281 + XI83 + 

X38i + T 

= X182 P 83 

{G, P, S, T} 

Afll.l 

: D = 

—X181 + X282 - 

- 2x383 P 2 X 454 , 

G = 

di, 

P = d2, 



S = 

-X2di + 83, T 

= Xi 52 - 1 - X §53 -I- 

(1- 

2x3x4)54 

{G, P, S, D} 


: D = 

—X181 + X282 - 

- 2x353 - 1 - 54 , G = 

= di. 

P-- 

= d2, 



S = 

-X2di + 83, T 

= Xi 52 - 1 - x |53 - 

2:354 



{S, D, G, T} 


: D = 

- 2 xi 8 i +82, G = €^^83, P = xie^^ 

d 3 , 




S = 

II 

H 

1 

xi 52 -I- e ^“=54 




{G, P, S, D} 


: D = 

—a;i 9 i -l- X282 - 

- 2x383 P 8/3, G - 

= di. 

P-- 

= 82, 



S = 

—X2di +83, T 

= xid2p (x§ — e 

— 4 X 4 

)d 3 - 

- 2:3^4 

{G, P, S, D} 


: D = 

—Xi8i + X282 - 

- 2x383 P 8/3, G - 

= di. 

P-- 

= d2, 



S = 

-X2di + 83, T 

_ _g 3 x/iQ_^ _|_ _|_ 

xl8' 

3 — X354 

{G, P, S} 

1 ) 2.1 

: D = 

—xi8i -1- X282 - 

- 2x353, G = 5 i, 

P = 

--d2. 



{G, S, T} 


{ 5 , D, G} 
{T, D, S} 
{S, D, G} 


^f)2.4 

^1)2.5 


5 ' = 

D 

S-- 

D 

D 

D 

S-- 


-X2di 4 

: -Xidi - 

d2, T = 

-- —2xidi 
-- 2xidi 4 
= —2xidi 
du T = 


-ds, T = xlds + xid2 
- 2 x 2 d 2 + 2x383, G = di, P = X2di, 

XiX2di + xld2 + (1 - 2X2X3)83 
+ 82, G = e'^'^83, P = xie^'^83, S = 81, T = xf8i 
82, G = 0 , P = 0 , S = xl8i + X182 + e‘^^^83, T - 
+ 82, G = e^^d3, P = xie^^83, 
xfdi — X182 — e~‘^^^d3 


- X 182 
di 


{S, D, G} 

{G, P} 
{G, S} 
{S, T} 
{S, D} 
{S, D} 

{5} 


i?(,2 g : D = - 2 xi 8 i +82, G = e^'^83, P = xie'^'^83, 

S = 81, T = xfdi - X182 + 

i?(,3 1: D = -xi8i + X282, G = 81, P = 82, S = -X2di, T = X182 
i ?[,3 2: D = —X181-2X282, G = 81, P = X281, S = 82, T = xiX2di + X282 
i ?(,3 3 : D = — 2 xi 8 i + 2x282, G = 0 , P = 0 , S = 81, T = xf8i + (1 — 2x3X2)82 

i?(,3 ^: £> = — 2 xi 8 i +82, G = 0 , P = 0 , S = 81, T = x\8i — x\d2 

i?(,3 g: D = — 2 x\ 8 \ P 82, G = 0 , P = 0 , S = 81, T = (a;f — 81 — X182 

^: D = - 2 xi 8 i, G = 0 , P = 0 , S = 81, T = x\8i 


Table 8: Realizations of the reduced special Galilei algebra AG3(1). 


/ 

V 
/ 

V 


2^22^51 Q 

“14 

“ 51“12 Zag-i 
“14 “14 

0 0 

ai3 0 

0 0 


—022051 0 0 

5051012 051 ^014051 

022 0 0 

§(012—013014) 1 014 

-“ 13“14 Q “14 

2“51 2(254 


022044 0 0 0 

—012044 044 0 0 

—O22O41O44 0 022 0 

(043-012041)044 2044044 012 1 

044013044 0I4O44 —013 041 



\ 


where 014022051 / 0; 


/ 


, 022044 / 0; 


/ ° 

/ ° 

I 023 

I «13 
\ 1112 
\ Q54 


0 —O 23 O 54 

0 013054 

0 0 

0 012 

1 n 


0 

0 

0 

-1 

0 



023a54 / 0. 


Remark 2. The results of this section are also valuable for abstract theory of Lie algebras as far 
as it gives the complete classification of inequivalent realizations of two real five-dimensional Lie 
algebras and 35 [ 20 ], which were not known before. 


6 Deformations of Galilei algebras 

Roughly speaking, deformation of a Lie algebra g is the infinite set of Lie algebras that contains g 
and can be characterized by common commutation relations parametrized by some continuous 
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parameter. Deformations of Lie algebras appear in mathematical theories when it is necessary 
to classify non-isomorphic structures or to implement an analytical structure on the variety of 
such objects. In physics deformations are used for quantization or for integration of theories 
with different symmetries into one model, etc. In this paper we use the notion of one-parametric 
deformation proposed by M. Gerstenhaber [9]. 

Let 0 = (y, [ , ]) be a Lie algebra over V, then its deformation is the one-parametric family 

of Lie algebras 0 ^ = {V,[ , ]q), g € M, where [x,y]q = [x,y] + qipi{x,y) + q^ip 2 {x,y) H-, and 

ipi'. V X V ^ V are bilinear, antisymmetric and satisfy the Jacobi identity. 

Construction of all possible deformations of a given Lie algebra involves the Hochschild co¬ 
homology theory, in particular, for the existence of infinitesimal deformation it is necessary that 
s) / 0- However in this section we avoid this complexity and construct explicitly several types 
of low-dimensional deformations of Galilei algebras and two types of deformed Galilei algebras of 
arbitrary dimension. 

6.1 Deformation of the reduced classical Galilei algebra AGi(l) 

To deform the Galilei algebra AGi( 1 ) we use the mutually inverses of the contraction and deforma¬ 
tion, namely it was shown in [23] that the three-dimensional Lie algebra H 3.1 (which is isomorphic 
to AGi( 1 )) belongs to the orbit closure of the Lie algebra A 3 4 defined by the commutation relations 

[ 61 , 63 ] =ei, [ 62,631 = 062 , |a| < 1 , 07 ^ 0 , 1 . 

In particular, the Inonii-Wigner contraction from A 3 4 to A 3 ,i can be realized by the contraction 

/ q oo\ 

matrix I 10 ], where q is the contraction parameter. Direct application of this contraction 
V 0 OqJ 

matrix allows us to construct the deformed Lie algebra AGi(l) = {P, G, T) with the new q- 
parametrized product [•,-]q defined as follows 

[H, T]q = qP, [G, T]q = P + aqG, g G M. 

In much the same way from the contraction connecting s[(2,M) and A 3.1 we can construct the 
deformation AGl{l) of the Galilei algebra AGi( 1 ) with the g-parametrized product [•,-]g defined 
as follows 


[P,G]q = -2qG, [P,T]q = 2qT, [G,T]q = P, g G M. 

Using the contraction matrix connecting the Lie algebras A 2 .i©Ai and A 3.1 we can construct the 
deformation AG\{1) of the Galilei algebra AGi( 1 ) with the g-parametrized product [•,-]g defined 
as follows 


[P,G]q = qP, [Gy]q = P, gGM. 

Note, that for q = 0 the deformed algebra AGi( 1 ) coincides with the initial algebra AGi( 1 ) and 
for a = —1 and g 7 ^ 0 AGi(l) is isomorphic to the smallest Poincare algebra p(l, 1 ) = (Pq, Pi, Joi}- 

The appearance of the Poincare algebra is expected and very natural as far as it was proven 
by Inonii and Wigner m that Poincare algebra contracts to the Galilei algebra, what means that 
if the velocity of light is assumed to go to infinity, the relativistic mechanics ‘transforms’ into the 
classical mechanics. 

The next analogous connection is expected for the six-dimensional Poincare algebra p{l, 2) and 
one of the AG 3 ( 1 ) or AG 4 ( 1 ) Galilei algebras. 
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6.2 Deformation of the classical Galilei algebra AGi(l) 

Using the same approach as in previous section we deform the Galilei algebra AGi(l), but in 
this case we make profit from the contraction of the algebra ([62,63] = 61, [61,64] = (1 + 
/ 3 ) 6 i, [62,64] = 62, [63,64] = /363, |/ 3 | < 1 ) to the algebra A4.1 (which is isomorphic to AGi(l) with 
the basis change (fTSjl i. 

( g 0 0 0 \ 

0 g 0 0 \ 

Q g Q Q I , where q is the contrac- 
0-11 0 / 

tion parameter. Applying this contraction matrix we obtain the deformed Lie algebra AG^(l) = 
(P, G, T, M) with the following g-parametrized product [•, -(g: 

[P,G]g = -M, [M,T]g=^j^qM, 

[P,T]g = j^qP, [G,T]g=P+j^qG, 9 G M. 

The deformed algebra AG4(1) coincides with the initial algebra AGi(l) and for /3 = —^ and 
q ^ 0 the deformed Galilei algebra AGf(l) is isomorphic to the Galilei algebra AG2(1). 

Existence of contraction from the Lie algebra s[(2,M) 0 Ai to the algebra A4.1 allows as to 
construct another physically interesting deformation AG|( 1 ) of the Galilei algebra AGi(l) with the 
g-parametrized product [•,-]g defined as follows 


[P,T]g = qT, [G,P]g = M + qG, [G,T]g=P, qe 


The contraction matrix connecting the Lie algebras A 2.1 0 A 2.1 and ^ 4,1 is 


— g3 _|j2 _g Q 

0 0 0 g 

0 g^ 0 —g 

0 0 g2 0 


From this contraction we get one more important deformation AG\{1) of the classical Galilei algebra 
AGi(l) with the g-parametrized product [•,-]g defined as follows 

[G,M]^ = gM, [P,T]^ = -m + fP, [G,P]g = M, [G,T]^ = P, g G M. 


6.3 Deformation of the reduced extended Galilei algebras AG2(1) and AG 2 (n) 

In this and next section we use another approach that also allows us to construct deformations 
explicitly, namely, we use the fact that the considered Galilei algebra is isomorphic to a represen¬ 
tative of the infinite class of Lie algebras from the classifications [MIEI]. It already was indicated 
in Section that AG 2 ( 1 ) is isomorphic to A^g for /3 = — so we can use the parametrized 
commutation relations of A^ g and the isomorphism transformation (|16p to construct the deformed 
Galilei algebra AG' 2 ( 1 ) with the product defined as 

[T,G]g = -P, [D,G]g = G-2qG, 

[D,P]q = -P -2qP, [D,T]g = -2T, g G M. 

The obtained deformation is also valid for the reduced extended Galilei algebra of any dimension, 
what can be proved by the induction method and the deformed algebra AG 2 (n) obey the standard 
relations ([I|)-(I1|), d?]) together with the deformed relations 

[D, Gi]g = G, - 2gG„ [D, = -Pi - 2gP„ 

where f = 1, 2,... , n and g G M. 
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6.4 Deformation of the extended Galilei algebras AG2(1) and AG 2 (n) 

In this case we make use of the series of five-dimensional Lie algebras ^5 30 with the commutation 
relations 


[ 62 . 64 ] =ei, [ 63 , 641 = 62 , [ 61 , 65 ] = ( 2 /i) 6 i, 

[ 62 . 65 ] = (1 -h/i) 62 , [ 63 , 65 ] =/ 163 , [ 64 , 651 = 64 , 

where h G M.. The isomorphism AG2(1) ~ ^^30 established in Section l5.ll bv the transfor¬ 
mation CZD, therefore the deformed Galilei algebra AG2(1) with the parametrized product [•, -Ig is 
defined by 

[G, P]g = M, [T, G], = -P, [D, G], = G, 

[D,M]g = qM, [D,P]g = -P + qP, [D,T]g =-2T + qT, 

where g G M. By the induction method this deformation can be extended to the algebra AG 2 (n), 
which obey the standard relations ([I])-© together with the deformed relations 

[D,T]q =-2T + qT, [D, Pi\q = -Pi + qPi, [D,M]q = qM, 

where i = 1, 2,... , n and g G M. 

6.5 Varieties of the deformed Galilei algebras 

Deformations and contractions determine the partial order on the variety of Lie algebras of a fixed 
dimension, therefore, exploring the complete classification of contractions of low-dimensional Lie 
algebras [24], we can make important conclusions on the structure of the varieties of deformations 
of the Galilei algebras AGi(l), AGi(l) and AG 2 ( 1 ). 

The lowest Galilei algebra AGi( 1 ) is three-dimensional and isomorphic to Heisenberg alge¬ 
bra, from the complete list of possible contractions contractions |24] it follows that AGi( 1 ) can 
be deformed to any three-dimensional algebra except the Abelian algebra and the algebra A 3,3 
([ 61 , 63 ] = 61 , [ 62 , 63 ] = 62 ). So, all the differential equations (or their systems) invariant with 
respect to a three-dimensional Lie algebra (except A 3.3 and Abelian) in extreme case turn into 
Galilei-invariant theories. 

In the case of four-dimensional Galilei algebras AGi(l) and AG 2 ( 1 ) the situation is different. 
The reduced extended Galilei algebra AG 2 ( 1 ) is isomorphic to the algebra , which belongs 

to one of the top levels of the contractions | 23 |, therefore the variety of deformations of AG 2 ( 1 ) is 
exhausted by the algebras constructed in Section 16.31 

Another four-dimensional Galilei algebra AGi(l) is isomorphic to A 4.1 and has much more 
deformations, namely, classical Galilei algebra AGi(l) can be deformed to all four-dimensional Lie 
algebras except the six cases: Abelian, A| 2 , A 4 5 ^, A 3 .i©Ai, A 3 , 3 ©Ai and A 2 .i© 2 Ai. Therefore, all 
but six theories with four-dimensional symmetry can be contracted into AGi(l)-invariant theories. 

6.6 Generic realizations of the deformed Galilei algebras 

Using the method described in Section [2] we construct the generic realizations for the obtained 
deformations. 

The generic realization of AGf(l) with the complement {P, G, T} is 
ei=di, 62 = 02, 63 = (x 2gxi)0i + gax202 + 03 , 

where g G M and jaj < 1, a 7 ^ 0,1. 
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The generic realization of AG^(l) with the complement {G, M, P, T} is 
61=52, e 2 = Xl52+53, 

63 =q-^Xldl + [\xl - q^X‘^ 82 + (^Xl - -^X‘^ 83 + 84, 64 = 5 i, 

where g E M and \j 3 \ < 1, /3 7 ^ 1. 

The generic realization of with the complement {P, T, G, D} is of the form 

61 = 5 i, 62 = 82, 63 = -X 25 i + 83, 

64 = (xi + 2 xiq') 5 i + 2 X282 + (-X3 + 2 X3q)83 + 84, 

where g E M. 

The generic realization of AG 2 ( 1 ) with the complement {M, P, T, G, D} is 

61 = 5 i, 62 = 82, 63 = 83, 64 = -X25i - X382 + 84, 

65 = -gXi 5 i + (X 2 - qX2)82 + ( 2 x 3 - qx 3)83 - X484 + 85, 

where g E M. 

Note, that each of these realizations represents not only one Lie algebra, but the family of 
non-isomorphic Lie algebras at the same time. As soon as the set of dependent and independent 
variables are fixed all the obtained realizations can be used for the construction of different types of 
equations and systems invariant with respect to the underlying symmetry groups, e.g., with respect 
to the Galilei and Poincare groups. 

7 Galilei-invariant differential equations 

A number of well-known differential equations and systems appear to be Galilei-invariant, in this 
section we consider several particular examples of partial and ordinary differential equations that 
are invariant with respect to low-dimensional Galilei algebras or their deformations. 

7.1 Burgers equation 

One of the most famous equations possessing the five-dimensional Galilei algebra is the Burgers 
equation [3] 


ut + uux = nuxx, fJ- = const. 

Being one of the simplest nonlinear (1-|-l)-dimensional evolution equations that is exactly solvable, 
the Burgers equation has been used to describe many processes in fluid mechanics and a variety of 
other fields which seem to be rather disparate. Its remarkable feature is that it can be transformed 
to the standard heat equation by means of the Hopf-Cole transformation mm- The maximal Lie 
symmetry algebra of the Burgers equation, that is a five-dimensional nonsolvable Lie symmetry 
algebra of the type s[(2,M) E 2Ai, was found as early as in 1965 by Katkov [13]. This algebra is 
spanned by the generators 

8t, 2t8t + x8x - u8u, t‘^8t+ tx8x + {x-tu)8u, 8x, t8x + 8u. 

This set of differential operators can be constructed as the realization of Galilei algebra AG3(1) 
respective to the subalgebra (L>, —S) and the complementary space {P, G, —T}. 

Note, that the subalgebra (P>, S) does not belong to the list of the subalgebras obtained in [6| 
and it is non-Abelian, so it should be automorphic to one of the cases (P, T) or (P, P). In fact 
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(D, S) is equivalent to {D, T) in the following way. Basis elements of the first subalgebra are 
represented as 

D = af + pb, S = -if + 6D, (18) 

where T = aiP + a 2 T + a^G + a^D + a^S, D = biP + 62 ?" + b^G + b^D + b^S and a, /3, 7 ,5 G 
M, a5 — (3^ / 0, the sets ai and 6 j, i = 1,2,... ,5 are the second and the fourth rows of an 
automorphism matrix. Solving (I18p and using the last form of the antomorphism transformation 
from Section [5.21 we obtain one of solutions a = 5 = 0, /3 = —1, 7 = and the automorphism is 

0 0 — 0 ' 23 <^ 54 : 0 0 \ 

0 0 0 0 0:54 \ 

0 0 -1 0 I ’ where a23a54 / 0. 

0 — 0 00 / 

054 / 

7.2 Korteweg—de Vries and Kawahara equations 

The classical Korteweg-de Vries (KdV) equation and its generalizations model various physical 
systems, including gravity waves, plasma waves and waves in lattices |12| . In this section we 
consider several types of the KdV-like equations, that are invariant with respect to the three- or 
four-dimensional deformed Galilei algebras. 

The prominent KdV eqnation, 

Uf UUx T '^xxx — 0? 

possesses the four-dimensional Lie invariance algebra of the type with basis operators 

ei = dx-, 62 = < 9 t, 63 = tdx + du, 64 = tdt -h ^xdx - ludu- 

The 5th order (quintic) KdV-equation with constant coefficient, 

Ut UUx T Uxxxxx — 0; 

_4/5 

possesses the four-dimensional Lie invariance algebra of the type ^ with basis operators 

1 4 

61 = dx, 62 = tdx + du, 63 = dt, 64 = tdt + -xdx - -udu- 

Both these algebras are the particular cases of the deformed reduced extended Galilei algebra 
AG|(1) and their differential operators are equivalent to the realization respective to the one¬ 
dimensional snbalgebra ( 64 ), or, to the projection of the generic realization of the deformed algebra 
AG 2 ( 1 ) on the coordinates {xi,X 2 ,xs) for the values q = —| and q = —^ respectively. 

The Kawahara equation with time-dependent coefficient 

5 p +2 

T UUx T Uxxx ^ Uxxxxx 0 

with A(/ 0 ^ -|- 6 ^) jtz 0 possesses the maximal Lie invariance algebra with basis operators [H] 

61 = dx, 62 = tdx + du, 63 = 3tdt + {p + l)xdx + {p - 2)udu, (19) 

in particular, for e = 0 this equation becomes a variable-coefficient KdV equation of the form ut + 
UUx + ^t^Uxxx = 0 with the same symmetry. According to the Mubarakzyanov’s classification [21] 
operators (fT9]l form the Lie algebra A 3 4 for a = (63 should be scaled by the factor ^^), 

therefore this set of operators is equivalent to the generic realization of the deformed Galilei algebra 
AGf(l) for g = 1 and a = 
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Generalized KdV equation 

Uf — U Ux ~\~ ^Uxxxi ^ 7 “ s ^ 0 

possesses the symmetry algebra 

(dt, dx, Sntdt + nxdx - 2udu), 

which is isomorphic to and equivalent to the generic realization of the deformed Galilei algebra 
AGf(l) for g = 1 and a = 5 - 

The 5-th order (quintic) KdV-equation with time-dependent coefficient 
Ut -j- tlXlx ~\~ t^y^xxxxx — b? ^ 7 “ b 

p-4 

also has the Lie symmetry algebra that is isomorphic to 

{dx, tdx + du, 5tdt + {p+ l)xdx + {p - 4)u(9„) 

and these operators are equivalent to the generic realization of the deformed Galilei algebra AGf (1) 
for g = 1 and a = 

The classical Kawahara equation 

UUx T ^'^xxx T ^^xxxxx — b, Xs ^ b 

describes, in particular, long waves in a shallow liquid under ice cover in the presence of tension or 
compression |19j . Its maximal Lie symmetry algebra 

{dx, tdx + du, dt) 

is isomorphic to the Galilei algebra AGi( 1 ) and presented operators coincide with the realiza¬ 
tion where the change of the variable X 3 —X 3 is performed. 

Some other Galilei-invariant equations of Burgers and KdV types were constructed in [2] . 

7.3 Reaction-diffusion equations 

Reaction-diffusion equations and their systems are often used as model equations in mathematical 
biology, chemistry and physics. Thus, in biology [22] one can consider cells, bacteria, chemicals, 
animals and so on as particles each of which moves around in a random way. Then, a regular motion 
of their group can be considered as a diffusion process and often it is not a simple diffusion since 
there may be an interaction between particles, (l-l-l)-dimensional reaction-diffusion equations are 
widely used for the description of global behavior in terms of particle density or concentration. 
There are a number Galilei-invariant models among reaction-diffusion equations. 

One of such examples is given by the reaction-diffusion equation 

Ut = {u^Ux)x + , 

where n and m are arbitrary constants with ne ^ 0, m ^ 0, 1. It was found in |5| that for (n, m) 7 ^ 
(—4/3,—1/3) this equation possesses the three-dimensional maximal Lie symmetry algebra with 
the basis operators 

ei=dt, e 2 = dx, = 2{1 - m)tdt + {1 - m + n)xdx + 2udu, 

l-mA-n 

which is transformed to the Lie algebra by the isomorphism 63 = 2 (i-m) ^3' Therefore, 

the reaction-diffusion equation is invariant with respect to the deformed reduced classical Galilei 
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algebra AG^(l) for the deformation parameter q = the operators are equivalent to the 

generic realization of 2 (i-m) 

The maximal Lie invariance algebra of the diffusion equation 

Ut = {vJ"Ux)x 

with n 7 ^ 0, —4/3 is four-dimensional Lie algebra A 2.1 0 ^ 2,1 spanned by the basis operators 

ei = dt, 62 = tdt - -udu, 63 = dx-, 64 = xd^ + -udu- 
n n 

So far as Lie algebra A 2.1 0 A 2.1 belongs to the deformation variety of AGi(l), the diffusion 
equation is invariant with respect to the deformed classical Galilei algebra AG^(l) constructed in 
Section 16.21 


7.4 Invariant systems of ODEs 

In this section we consider well-known systems of two second-order differential equations that are 
invariant with respect to the deformations of the three- and four-dimensional Galilei algebras. 

Ermakov system was generalized in 1979 m by Ray and Reid and since that time it is widely 
studied due to its importance in physics and mathematics such as existence of the Ermakov in¬ 
variant (constant of motion), application to open fermionic systems, accelerator physics, quantum 
mechanics, etc. Here we consider the generalized Ermakov system 



The basis of the maximal Lie invariance algebra of this system for arbitrary F and G is given by 
the operators 


ei= dt, 62 = 2 tdt + xdx 0 ydy, 63 = t^dt + txd^ + tydy, 


so the generalized Ermakov system is invariant with respect to the Lie algebra sl(2, M) and the 
invariance operators are equivalent to the generic realization of s[(2,M). The Lie algebra s[(2,M) 
belongs to the deformation variety of the Galilei algebra AGi(1), so the generalized Ermakov system 
is invariant with respect to the deformed Galilei algebra AG4(1) dehned in Section [6.11 

Physical systems or models that deal with a force that points exactly toward (or away from) a 
force center usually involve the central force problem and appear in classical mechanics (force of the 
sun on a planet), atomic physics (motion of electron), etc. Here we consider the two dimensional 
case of the central force problem 


( (a ;2 + ^ 2)2 = /^T>0, r = {x,y). 

This system can be rewritten via the polar coordinates in the form 

2 

f — rip -g 0 er = 0, rip + 2 r(p = 0. 

The maximal Lie invariance algebra of this system has the basis 

61 = dt, 62 = dy,, 63 = sm{ 2 ^/et)dt 0 ^/ecos{ 2 ^/et)r^r, 

64 = cos{2y/et)dt — y/es\n{2y/et)rdr. 
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This basis forms the four-dimensional Lie algebra with the commutation relations 

[61,63] = 2x/ee4, [61,64] =-2^/663, [63,64] =-2^/661, 

the isomorphism e, = transforms this algebra to the s[(2,M) 0 Aj, and differential operators 
are equivalent to the realization of 51(2, M) 0 Ai with respect to the subalgebra ( 62 ). 

As far as the Lie algebra s[( 2 ,R) 0 Ai belongs to the deformation variety of the Galilei algebra 
AGi(l), so the two-dimensional central forth problem invariant with respect to the deformed Galilei 
algebra AG^(l) with the g-parametrized product [•, •]q defined in Section [621 

Classical Kepler problem is one of the fundamental problems in classical mechanics and electro¬ 
statics, in terms of polar coordinates it can be rewritten via the polar coordinates in the form of 
the second order system 

r — r9^ 0-^ = 0, rO + 2r6 = 0. 

This system is invariant with respect to the Lie algebra spanned by the operators 

ei = dt, 62 = de, 63 = tdt + 

These operators form the three-dimensional Lie algebra A 2.1 0 Ai and correspond to the generic 
realization, therefore, the classical Kepler problem is invariant with respect to the deformed Galilei 
algebra AGf(l) defined in Section [ 6 Tl 


8 Conclusion 

It is well known that invariance principles allow us to explore the dynamical laws possessed by the 
physical systems, them also help us to restrict the possible form and to find these laws as well as to 
reduce some of their arbitrariness, etc. One of the fundamental symmetries in physics is the Galilei 
invariance and this symmetry underlies the Galilei relativity principle. 

In this work we have considered five smallest Galilei algebras, notably the Lie algebras of di¬ 
mensions three, four and five, in each of these cases we applied an algebraic approach m and 
constructed the complete set of in equivalent realizations. In particular all unfaithful realizations 
are new and lists of faithful realizations of two five-dimensional Galilei algebras are also new. In 
addition we discussed possible deformations of the low-dimensional Galilei algebras and presented 
a number of deformations explicitly, some of them were constructed for arbitrary dimension of the 
algebra. Finally, the generic realizations for several deformed Galilei algebras are constructed and 
it is shown that many of physically interesting partial differential equations and their systems are 
invariant with respect to the considered low-dimensional Galilei algebras and their deformations. 
This motivates further investigation of the realizations of higher-dimensional Galilei algebras and 
their deformations. 
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